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Abstract—Previously published analytical models for the noise
figure of an amplifierless fiber-optic link fail to predict the mea-
sured performance, with a discrepancy of 1.1 dB at 1 GHz that
increases to 2.3 dB by 12 GHz. We use an equivalent circuit to de-
rive the effect of an additional source of noise not accounted for in
earlier models: thermal noise arising from loss in the modulator’s
traveling-wave electrodes. The electrode thermal noise has a fre-
quency dependence matching that of the link’s noise figure, such
that predictions using the improved model match the measured
1–12 GHz performance of a link with record low noise figure to
within 0.4 dB across this band.

Index Terms—Analytical models, microwave photonics, noise
figure, optical fiber links.

I. INTRODUCTION

A NTENNA remoting and other potential applications of
analog fiber-optic links require both low noise figure
and large dynamic range. Even a large link can be

reduced using a very high-gain pre-amplifier; this can result,
however, in reduced dynamic range. Consequently it is impor-
tant to minimize the of an amplifierless link.

In a recent review paper [1] we summarized the state of the
art in analog optical links and outlined the device technology
advancements necessary to further improve their performance.
Since the publishing of that paper, we developed new devices in-
corporating some of these recommended advances, and assem-
bled from these a link with a record low broadband amplifierless

of 3.4 dB at 2 GHz and 7.5 dB across a broad bandwidth
of 1–12 GHz [2].

In Section II of this paper, we show how the present state of
the analog link modeling art fails to predict the measured
data in [2]. Based on the frequency dependence of the discrep-
ancy between the modeled and measured curves, we hypoth-
esize an additional, heretofore ignored, source of thermal noise:
ohmic loss in the long traveling-wave electrodes that enable ef-
ficient interaction between the light and the modulation signal.
In Section III we derive expressions that summarize the effect of
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this additional source of noise on the link’s . Section IV an-
alyzes the agreement between the measured performance of the
record low- link in [2] and the predicted by the improved
model. Awareness of the new noise term allows and requires us
to state new conclusions (Section V) about what is necessary to
achieve lower in future broadband amplifierless fiber-optic
links.

II. REVIEW OF EXISTING MODEL WITH LOSSLESS ELECTRODES

Fig. 1 shows an equivalent circuit model for an external mod-
ulation link using a Mach–Zehnder modulator with lossless
traveling-wave electrodes that have a characteristic impedance
equal to the signal source impedance and that are terminated in
this same impedance.

For the link in Fig. 1, previous papers provided expressions
for the incremental small-signal gain [3]:

(1)

and the noise figure [1]:

(2)
All the terms in (1) are defined in the caption of Fig. 1 with
the exception of , which represents the detector circuit’s
frequency response. In (2), is Boltzmann’s constant, is the
standardized temperature of 290 K at which noise figure is de-
fined [4], and is the link’s total output noise power spec-
tral density, which has components arising from thermal noise,
the laser’s relative intensity noise , and shot noise. Sub-
stituting from (1) and expressions for all three noise spectral
densities into (2) yields the full expression for noise figure given
by equation 6 of [1]. The total output thermal noise power spec-
tral density sets a lower limit to . In [1], which pro-
ceeded from the assumption that the modulator electrodes are
lossless, this lower limit was expressed as

(3)

where the unity term is dictated by the thermal noise from the
signal source and the term arises from thermal noise gen-
erated in the detector circuit. The term , which corresponds to
an undefined term called simply “constant” in [1], arises from
thermal noise generated in the electrode termination resistance.
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Fig. 1. Equivalent circuit model for an external modulation link using a Mach–Zehnder intensity modulator with lossless traveling-wave electrodes of character-
istic impedance and length . : signal source voltage; : signal source and output load impedance; : signal current amplitude at photodetector; :
photodetector responsivity; : insertion loss from input of modulator to photodetector, : cw optical power at modulator input; : frequency-dependent
modulator halfwave voltage; : modulator bias away from quadrature point.

This term is “constant” only in the sense that it does not depend
on , , or any of the other parameters in (1) that directly af-
fect . This noise counter-propagates along the electrodes rel-
ative to the light, which it therefore modulates less efficiently
than the signal source noise does. In the lossless-electrode case
of Fig. 1, in which the electrode loss coefficient is assumed
to equal zero, quantification of this relative modulation ineffi-
ciency (e.g., see equation 19 in [5]) results in

(4)

where

(5)

provided that the modulator electrodes of length have been
designed such that their guided-wave velocity at microwave fre-
quency matches that of light in the optical waveguides, which
is .

When the effect of loss in the modulator’s traveling-wave
electrodes is added to the model (i.e., when ), which is
done in Section III, the term becomes somewhat more com-
plicated and two additional terms and appear in the ex-
pression for .

Returning to the case of a link with a lossless-electrode mod-
ulator, adding the well-established and shot noise terms to
(3) yields

(6)

where is the average value of the photodetector current and
is the electronic charge.
The link model with lossless electrodes that we have sum-

marized in the above equations and elsewhere [1], [3], [6] has
adequately predicted the measured noise figures of many links.
In almost all of those cases, however, the noise figure was quite
high, e.g., 12.5–15 dB across 1–9.5 GHz [7], indicating that
laser and/or shot noise were much more significant than
any thermal noise term. One link modeled using (6) did have
a measured noise figure low enough—4.2 dB at the frequency
where the modulator and detector were resonantly impedance-
matched to the link input and output, respectively [8]—to sig-
nify prominence of thermal noise terms. As shown by the dotted

Fig. 2. Modeled versus measured noise figure results for links described in
previous papers. The dotted and solid lines plot the noise figure predicted by the
lossless model described in Section II for the links in [2] and [8], respectively.
At frequencies 1 GHz, a least-squares fit to the measured data in [2] much
more closely matches the predictions of the lossy model derived in Section III.

curve in the extreme left-hand portion of Fig. 2, (6) predicted a
noise figure of 4.0 dB at 150 MHz for the link in [8]. From this
agreement between the model and measurement we conclude
that, not surprisingly, must have been a reasonably ac-
curate approximation of the actual loss in this modulator’s elec-
trodes at 150 MHz. (At such a low frequency, in fact, the trav-
eling-wave effect disappears from any electrodes of reasonable
length, causing and dB if [6].)

Whereas (6) adequately predicts relatively high noise figures
or low noise figures at sufficiently low frequencies, we have re-
cently discovered its inadequacy at predicting low noise figures
at microwave frequencies where cannot be approximated
as zero. The solid curve in Fig. 2 shows the extent to which
this lossless-electrode model underestimates the measured noise
figure of a 1–12 GHz link that has been previously reported [2].
The higher of the two dashed curves in Fig. 2 is a least-squares
fit to the measured noise figure data in [2]. At 1 GHz, the dis-
crepancy between these two curves is its minimum: 1.1 dB.
This discrepancy worsens with increasing frequency, and by
12 GHz the model underestimates the measured data’s curve fit
by 2.3 dB. The degradation of the lossless model’s accuracy as
frequency increases has led us to believe that the model ignores a
source of noise whose magnitude increases with frequency. We
have hypothesized that noise arising from ohmic loss in trav-
eling-wave electrodes may have a frequency-dependent magni-
tude that accounts for the measured link noise figure. The lower
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Fig. 3. Equivalent circuit model for an external modulation link that includes thermal noise arising from ohmic loss in the traveling-wave electrodes of a
Mach–Zehnder intensity modulator. : thermal noise spectral density arising from ohmic loss in the incremental length . Other parameters are as
defined in the caption of Fig. 1.

of the two dashed curves in Fig. 2, which is a plot of an expres-
sion derived in Section III, appears to confirm this hypothesis.

III. IMPROVED ANALYTICAL MODEL OF LINK NOISE FIGURE

In this section, we derive an expression for link noise figure
that includes the effect of ohmic loss in a Mach–Zehnder inten-
sity modulator’s traveling-wave electrodes, yielding the lower
of the two dashed curves in Fig. 2.

A. Effect of Electrode Loss on Link Gain

The effect of the electrode loss on gain is reflected in (1)
by the presence of the term. The modulator’s has a
frequency dependence dictated largely by the frequency depen-
dence of loss in the electrodes (and, ultimately, on the extent
to which the optical carrier and traveling-wave electrical signal
velocities match one another [5]; the analysis here assumes per-
fect velocity matching), however, such that

(7)

where the electrode loss coefficient is itself a function of fre-
quency [3], [5].

B. Effect of Electrode Loss on Thermal Noise From
Termination Resistance

Including electrode loss in the model has two effects on noise
figure. First, the expression for the effect of the thermal noise
generated by the electrode termination resistance, which is rep-
resented by (4) for the lossless-electrode case, becomes more
complicated [5]:

(8)

Second, two new constant terms , arise from thermal noise
generated by ohmic losses in the traveling-wave electrodes and
dictate a minimum achievable noise figure exceeding what was
previously postulated as the minimum in (3):

(9)

The new terms and are derived in Sections III-C and III-D,
respectively.

C. Modulation of Co-Propagating Light by Electrode Thermal
Noise

We define the term in (9) as the portion of link noise figure
due to modulation of light by co-propagating thermal noise that
arises from loss in the modulator electrodes. We derive this term
using the equivalent circuit in Fig. 3, in which the electrodes are
modeled as a series of incremental pieces of transmission line
each having length , characteristic impedance , and ohmic
loss that results in thermal noise spectral density .

Anywhere one “cuts” the traveling-wave electrodes in the
modulator of Fig. 3 yields an impedance of looking into
either of the two resulting sections of circuit. For instance, “cut-
ting” the circuit between the end of the electrodes and the termi-
nation resistance , the impedance looking towards the signal
source from the termination end of the electrodes is also .
Therefore the spectral density of the noise imparted from the
electrodes to the termination load must equal 4 . Ex-
pressing this conclusion mathematically

(10)
where the first term on the left-hand side of (10) is the source’s
thermal noise density of 4 , which is attenuated by

in the total length of transmission line, and where the
second term on the left-hand side is the sum of all the incre-
mental thermal noise densities, each of which is attenuated
by a quantity appropriate to the distance that noise voltage
spectral density must propagate along the electrodes to reach
the termination.

Note that the thermal noise arising from loss in one section of
the electrodes has no effect upon or relation to the noise arising
from loss in another section. Therefore, in (10) the contributions
of the noise sources from the individual incremental lengths
of lossy transmission line are tallied by summing the (scalar)
squared magnitudes of the uncorrelated noise voltages. Tallying
by first summing the voltages themselves and then squaring the
scalar magnitude of that vector sum would be appropriate only
if the individual noise sources were correlated.
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Manipulation of (10) yields

(11)

Each of these incremental thermal noise voltage spectral densi-
ties modulates the light as it co-propagates from its generation
point along the electrodes towards the termination. (It also
modulates the light as it counter-propagates towards the signal
source; the effect of that modulation is derived in Section III-D
below.) The efficiency with which each incremental noise
voltage spectral density modulates the light depends on its
generation point. For example, the leftmost incremental noise
source in Fig. 3 modulates the light as efficiently as the signal
does, i.e., with the same , whereas the rightmost incremental
noise source propagates towards the termination over an infini-
tesimal length of the electrodes and therefore “sees” a .
Specifically, two otherwise identical modulators with different
electrode lengths will have the following relationship between
their ’s:

(12)

which approaches for small . Therefore, the effec-
tive “seen” by an incremental noise source depends on its
position relative to the co-propagating light according to

(13)

which approaches for small . The total output
noise due to modulation of the light by co-propagating noise
from the incremental noise sources is obtained by summing the
resulting output noise power spectral densities:

(14)

As , (14) reduces to the much simpler expression

(15)

and therefore

(16)

D. Modulation of Counter-Propagating Light by Electrode
Thermal Noise

How each of the incremental electrode thermal noise voltage
spectral densities modulates the light as it counter-propagates
from its generation point along the electrodes towards the signal

source is calculated similarly to (14). Again, the efficiency with
which each incremental noise voltage spectral density modu-
lates the light depends on its generation point. The effective
“seen” by an incremental noise source depends on its position
relative to the counter-propagating light according to

(17)

which approaches for small . Therefore, the total
output noise due to modulation of the light by counter-prop-
agating noise from the incremental electrode thermal noise
sources is

(18)

In the most general case, the integral in (18) requires a numerical
solution. At microwave frequencies of greatest interest, how-
ever, many modulators have sufficiently low such that

(19)

and therefore

(20)

E. Summary of Model With Lossy Modulator Electrodes

Collecting the three “ ” terms (8), (16), and (20), and adding
the and shot noise terms to (9) yields the most broadly
general expression for the noise figure of an external modulation
link using a Mach–Zehnder intensity modulator with traveling-
wave electrodes:

(21)
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Fig. 4. Block diagram of a link [2] whose measured noise figure is used to validate the model updates presented in this paper.

where the link gain is calculated using (1). It is important to
note that in the lossless electrode case (i.e., where ), (21)
reduces to the “lossless” expression (6).

IV. EXPERIMENT

Experimental confirmation of the heretofore unidentified
terms in (21) requires a link in which the ordinarily domi-
nant and shot noise terms are greatly suppressed. An
established method to minimize the impact of and shot
noise in an external modulation link and thereby achieve low

is to “low-bias” the modulator [9]–[11]. As one moves
the modulator’s bias away from its quadrature point (where

is maximum) towards the minimum-transmission point
on its transfer function curve, the and shot noise con-
tributions to the total output noise decrease faster than
decreases. Therefore, noise figure generally improves as one
continually “lowers” the bias in this way. Before reaching the
minimum-transmission bias point, however, the noise figure
stops improving and begins to get worse because at some bias
point the link gain has decreased to where the detector circuit
thermal noise term, i.e., the term, has begun to dominate
the link output noise. The higher the link gain is at the quadra-
ture bias point, the lower one can bias the modulator before
reaching this point where the term becomes significant,
and the lower the resulting noise figure [11].

We used the noise figure results reported for a link in an ear-
lier paper [2] to test the validity of the new terms derived in
Section III. Fig. 4 shows a block diagram of the experimental
link described in [2]. To ensure the highest possible gain at the
quadrature bias point, and therefore the lowest possible noise
figure when low biasing, the authors had taken the following
steps in assembling this link:

i) obtained 2 W from a master-oscillator power amplifier
(MOPA) that had been engineered by Photonic Systems,
Inc. for a low of 172 dB/Hz across 1–12 GHz;

ii) modulated this light using a lithium niobate
Mach–Zehnder modulator also designed by Photonic
Systems, Inc. for record low across that same band:
0.93 V at 1 GHz and 1.4 V at 12 GHz;

iii) analytically determined and empirically confirmed that
the noise figure would be minimized at a low bias point
about 75 away from quadrature (where 90 off quadra-
ture is the minimum-transmission bias).

Additional details about the laser, modulator, and detector used
in this link appear elsewhere1 [2]. Four details about the modu-
lator, however, are important to note here. First, the modulator

1http://www.photonicsinc.com

had very long electrodes: cm. This not only enabled
the record low but also made the device ideal for the pur-
poses of this paper because it resulted in proportionately large
electrode loss. Second, we judged the electrical–optical velocity
mismatch to be 0.06, which degrades by 10% at 12 GHz
(the maximum frequency at which we planned to make measure-
ments) and is therefore accounted for in the comparison of mod-
eled to measured because measured values were used in
the modeling. Third, the modulator had “dual-drive” electrodes,
requiring the use of a 180 hybrid coupler as shown in Fig. 4.
And fourth, we define for a dual-drive modulator as that
which one would measure through an “ideal” hybrid coupler.
In other words, is the voltage that must be supplied at port
4 (see Fig. 4 for coupler port numbering) to move the optical
output of the modulator from maximum to minimum transmis-
sion, assuming the coupler behaved “ideally”—i.e., with perfect
amplitude balance and a 180 phase difference between ports 2
and 3 at all frequencies, and with no excess loss.

We define of dual-drive modulators as described in the
previous paragraph so that they can be evaluated independently
of the hybrid couplers to which they are connected. We have
previously defined an “ideality factor” to account for the effect
of the coupler’s characteristics on the gain and noise figure of a
link that uses a dual-drive modulator [2]. Inserting this ideality
factor appropriately into (4) yields the noise figure of a hypo-
thetical amplifierless link using dual-drive traveling-wave elec-
trodes that are lossless:

(22)

Similarly, inserting the ideality factor into (21) yields the noise
figure of a link whose dual-drive modulator has lossy traveling-
wave electrodes:

(23)
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Fig. 5. Modeled sources of noise in the link shown in Fig. 4, referred back to the
link input, and measured link noise figure . Key: noise power spectral
densities that appear in the lossless-electrode modulator model (left axis);
total noise power spectral density predicted by the lossless model (left axis) and
noise figure predicted by (22) (right axis), which is a repeat of the solid curve
in Fig. 2; measured noise figure of link (right axis), also repeated from Fig. 2.

where in both (22) and (23) the link gain with the modulator
biased degrees away from quadrature bias is

(24)

Note that for an “ideal” hybrid coupler, and would both
have a magnitude of and would have opposite sign, so
that would equal 2, causing (22), (23), and (24) to
reduce to (6), (21), and (1), respectively.

Figs. 5 and 6 both show the same measured noise figure data
at 1, 2, , 12 GHz for the link in Fig. 4, as were reported in
[2] and plotted with a greatly different vertical scale in Fig. 2.
The other data plotted in the two figures are the power spectral
densities of the various noise sources in the link, determined
using the analytical model.

In the case of Fig. 5, we calculated all of the noise sources
shown by the solid curves (the laser , the shot noise arising
from the photodetection process, and the thermal noise arising
from loss in the hybrid coupler, the resistive termination of the
modulator electrodes, and the detector circuit) using our model
as it existed prior to the addition of the effect of loss in the mod-
ulator electrodes, i.e., using (22). The noise power spectral den-
sities are all referred back to the link input by calculating their
magnitude at the output of the link in dBm/Hz and subtracting

.
The uppermost curve in Fig. 5 is the total link output noise

power spectral density, which is also referred back to the link
input by subtracting . According to (2), this total
link output noise referred back to the link input is equal to

dBm/Hz . Therefore, by adding a right-hand axis
with the same scale and with 0 dB noise figure corresponding to
an output noise spectral density of 174 dBm/Hz, this one bold
curve in Fig. 5 is made to represent both quantities, and is there-
fore the same as the solid curve in Fig. 2. The measured noise
figure data points plotted in Fig. 5, which are also the same as

Fig. 6. Modeled sources of noise in the link shown in Fig. 4, referred back to the
link input, and measured link noise figure . Key: noise power spectral
densities in the lossy-electrode modulator model that are unchanged from the
lossless-electrode model (left axis); noise power spectral densities that
appear only in the lossy model (left axis); total noise power spectral
density predicted by the lossy model (left axis) and noise figure predicted by
(22) (right axis), which is a repeat of the dashed curve in Fig. 2; measured
noise figure of link (right axis), also repeated from Fig. 2.

those in Fig. 2, likewise correspond to equivalent noise power
spectral densities on the left-hand axis.

In Fig. 6, the unlabeled solid curves are unchanged relative
to Fig. 5, but the additional effects of electrode loss, calcu-
lated using (15) and (20) and individually shown by the labeled
dashed curves, are factored into the total shown by the bold
dashed curve. Additionally, the “Termination resistance at end
of lossy electrodes” curve, calculated using (8), replaces the cor-
responding curve in Fig. 5 (“Termination resistance at end of
lossless electrodes”), which was calculated using (4).

Whereas Figs. 2 and 5 showed considerable discrepancy be-
tween the measured data and the lossless model, the ana-
lytical curves in Figs. 2 and 6 for including the effect of
electrode loss agree substantially with the same measured data.
The slope of the new model’s curve appears to mirror the plot
of least-squares fit to the measured data, with a nearly con-
stant discrepancy of only 0.4 dB (see Fig. 2). What causes
the improved model to underestimate the measured by this
amount remains under investigation. Now that the discrepan-
cies between modeled and measured are so small, it may
be necessary to re-examine the validity of the general link
expression derived previously in [1], [6], and [8]. Given the dif-
ferent statistical natures of the three types of noise in (2), for
example, we may need to establish the extent to which it is com-
pletely versus only approximately valid to calculate the total
noise by simply summing the spectral densities of the individual
noise terms. Lastly, further understanding of the model’s re-
maining shortcomings will be gleaned from comparing modeled
and measured of other ultra-low- links using low-
modulators with electrodes of other lengths as the demonstra-
tion of such links becomes more commonplace.

V. SUMMARY AND CONCLUSIONS

We have hypothesized that thermal noise generated by ohmic
loss in the traveling-wave electrodes of an optical intensity mod-
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ulator can significantly increase the lower limit to an ampli-
fierless fiber-optic link’s , and have updated our analytical
model to account for this additional effect. We have further in-
terpreted the substantial agreement shown in Figs. 2 and 6 be-
tween the improved model and measured data as experi-
mental confirmation of our hypothesis.

From this interpretation of the facts we conclude that we must
amend our previous claims as to which photonic device devel-
opments are necessary for lower amplifierless link . Whereas
in [1] we stated simply that lower will require external in-
tensity modulators with lower , we did not specify in that
paper how this should be accomplished. The link for which
record low was reported in [2] was based on a modulator
in which record low had been achieved by maximizing the
length over which the applied modulation signal acted upon
light in the modulator’s integrated optical waveguides. If the
traveling-wave electrodes supporting this electro-optic interac-
tion could have been somehow made to be lossless, the analyt-
ical models published here and elsewhere predict dB
at 1 GHz and 5.0 dB at 12 GHz (as shown by the solid curve in
Fig. 2). Instead, the loss in those long electrodes dictated

of at least 3.0–6.5 dB across this band. What is required
for the lowest possible , therefore, is lower in conjunc-
tion with lower , implying either lower-loss electrodes (lower

) or greater efficiency of modulation over a given interaction
length (i.e., a lower product, such as is being explored in
alternative materials such as electro-optic polymers).
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